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General relativistic analysis of peculiar velocities
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Abstract. We give a careful general relativistic and (1+3)-covariant analysis of cosmological
peculiar velocities induced by matter density perturbations in the presence of a cosmological
constant. In our quasi-Newtonian approach, constraint equations arise to maintain zero shear of
the non-comoving fundamental worldlines which define a Newtonian-like frame, and these lead
to the (1+3)-covariant dynamical equations, including a generalized Poisson-type equation. We
investigate the relation between peculiar velocity and peculiar acceleration, finding the conditions
under which they are aligned. In this case we find (1+3)-covariant relativistic generalizations of
well-known Newtonian results.
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1. INTRODUCTION
Density and velocity perturbations of cold matter models of the observable part of the expanding
Universe are central to the analysis of structure formation in cosmology (see e.g. the recent review
by Dekel [6]). On scales well below the Hubble radius, the Newtonian theory of gravitation is a
good approximation, and Peebles’ approach [21] is widely used (see e.g. [15, 4, 19, 20]). However,
observations and simulations are probing scales which are a significant fraction of the Hubble radius,
thus requiring a relativistic treatment of the gravitational dynamics in a cosmological context.
Furthermore, observational evidence for a positive cosmological constant (see e.g. Perlmutter
et al [22]) implies that this constant does affect the evolution of matter density and velocity
perturbations on sufficiently large scales.
Relativistic gauge-invariant perturbations of Friedmann–Lemaˆıtre models are usually studied
via a metric-based approach [2]. Bardeen’s quasi-Newtonian (or longitudinal) gauge is well adapted
to study the evolution of matter perturbations [2, 18, 3]. Such an approach has recently been
used to find relativistic corrections to the Newtonian relation between the peculiar velocities
of matter structures and the matter density contrast [17, 23]. Here we follow an alternative
relativistic approach, based on the (1+3)-covariant analogue of the quasi-Newtonian gauge, which
was developed in [10]. The quasi-Newtonian gauge is based on time slices with zero-shear normals.
The (1+3)-covariant analogue uses a 4-velocity field ua (or a threading of spacetime) which is
irrotational and shearfree, and so effectively mimics the gauge fixing conditions of the quasi-
Newtonian gauge. Analysis of the evolution and constraint equations shows that consistency
conditions arise from enforcing vanishing shear and vorticity [10]. These consistency conditions
lead to the perturbation equations.
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Vanishing vorticity reflects the absence of vector modes, while vanishing vorticity and shear
together imply vanishing gravito-magnetic Weyl curvature, so that tensor modes are also absent.
The remaining, scalar, modes describe peculiar velocity and matter density perturbations. Peculiar
velocity in the matter distribution is directly generated by inhomogeneity in the expansion rate of
ua, which also accounts for time-dependence of the peculiar gravitational potential. The peculiar
velocity and acceleration satisfy a coupled pair of evolution equations. The peculiar gravitational
potential obeys a generalized Poisson-type equation, which on small scales reduces to the spatial
gradient of the usual Poisson equation.
The peculiar velocity is not in general aligned with the peculiar acceleration, but its orthogonal
component will remain zero if it vanishes initially. In general, the magnitude of the orthogonal
component decays with expansion, but in order to keep this component strictly zero, we arrive at
an equation determining the ratio of peculiar velocity to peculiar acceleration. This leads to (1+3)-
covariant relativistic generalizations of well-known Newtonian relations, including a cosmological
constant.
2. (1+3)-COVARIANT QUASI-NEWTONIAN ANALYSIS
Peculiar velocities must be defined relative to a preferred frame with 4-velocity field ua. This
preferred frame is necessarily non-comoving relative to the matter, since, by definition, peculiar
velocities vanish in the comoving (Lagrangian) frame. (Much of the standard literature on structure
formation uses the term “comoving” in a rather misleading fashion, i.e. as comoving with the
fictitious background 4-velocity rather than with the actual matter 4-velocity.) A (1+3)-covariant
(and local) approach seeks to define the preferred frame in a physical way. (For a recent review
on (1+3)-covariant methods see e.g. [9]; for a detailed discussion of the relation between the
(1+3)-covariant and metric-based approaches see [5].) Motivated by the Newtonian analysis of
Peebles [21], we choose ua to be irrotational (ωa = 0) and shearfree (σab = 0), defining a quasi-
Newtonian frame [10] corresponding to Bardeen’s quasi-Newtonian gauge [2]. Furthermore, we
require that ua is non-relativistic relative to observers comoving with the matter, whose 4-velocity
field u˜a is given by
u˜a = ua + va , vau
a = 0 , vav
a ≪ 1 . (1)
Here va is the non-relativistic peculiar velocity, which vanishes in the background (and hence is
gauge-invariant).
Thus we have two physical frames, defined by the (pressure-free) matter and by the quasi-
Newtonian observers. In the comoving (Lagrangian) frame u˜a, the pressure, energy current density,
anisotropic pressure and 4-acceleration all vanish:
p˜ = q˜a = π˜ab = 0 , A˜
a = 0 . (2)
In the quasi-Newtonian (Eulerian) frame ua,
ωa = σab = 0 . (3)
The Galilean velocity boost in (1) preserves the pressure and energy density to linear order in va,
i.e., p = p˜, µ = µ˜, but introduces a non-zero energy current density (momentum density) in the
Eulerian frame given by
qa = ρ va , (4)
where ρ is the background matter density. Also to linear order in va we have πab = 0. (These
linear results are obtained from the exact boost transformation laws (B7) – (B10) given in [16].)
In addition, it transforms the kinematic quantities to linear order in va as follows (cf. the exact
boost transformation laws (B3) – (B6) in [16]):
Θ˜ = Θ +Dav
a , (5)
A˜a = Aa + v˙a +H va = 0 , (6)
ω˜a = ωa − 12 (curl v)
a = − 12 (curl v)
a , (7)
σ˜ab = σab +D〈avb〉 = D〈avb〉 . (8)
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Notation and some fundamental equations are given in the appendix. The gravito-electric/-
magnetic Weyl curvature fields are frame-invariant to linear order in va (cf. the exact boost
transformation laws (B11) and (B12) in [16]):
E˜ab = Eab , H˜ab = Hab . (9)
The gravito-magnetic constraint equation (A.10), together with (3) and (9), shows that
Hab = 0 = H˜ab , (10)
which reflects the absence of tensor modes (gravitational radiation). The div-Hab constraint
equation (A.12), together with (3) and (10), shows that qa is irrotational, and thus so is va:
(curl q)a = 0 ⇒ (curl v)a = 0 . (11)
Thus
ω˜a = 0 , (12)
by (7), reflecting the absence of vector (rotational) modes. Only scalar modes are admitted, and
for these
Wa = DaW , (curlW )
a = 0 , (13)
Sab = D〈aDb〉S , (curlS)ab = 0 , (14)
where W a is a vector orthogonal to ua, Sab is a tracefree tensor orthogonal to u
a, and W and S
are scalars. In particular (to linear order in the second case),
Aa = DaΦ , va = Da
(
2Θ
3ρ
)
, (15)
where Φ is the peculiar gravitational potential, whose existence follows from (3) and the vorticity
evolution equation (A.4). The velocity potential follows from (4) and the div-σab constraint
equation (A.9). (Note that these potentials have a trivial gauge freedom to add an arbitrary
homogeneous function.) The velocity potential is exploited in the POTENTmethod of Bertschinger
and Dekel [4] to “reconstruct” va from observational data. The shear propagation equation (A.5)
then shows that in the present context the gravito-electric Weyl curvature is a purely tidal field
determined by the peculiar gravitational potential,
Eab = D〈aDb〉Φ , (16)
in direct correspondence to the Newtonian situation [7] (see also [5]).
3. PERTURBATION EVOLUTION
In the (1+3)-covariant approach based on a 4-velocity field ua, because of the expanding Universe
context, the relativistic equations do not directly provide an analogue of the Newtonian Poisson
equation for the peculiar gravitational potential. Rather, the equations governing the peculiar
gravitational potential are integrability conditions, which arise directly from the fact that, with
σab = 0, the shear propagation equation (A.5) is turned into a new constraint equation, i.e.,
Eab ≡ Eab−D〈aAb〉 = 0. The time evolution E˙ab and the spatial divergence DbE
ab of this constraint
equation give us the dynamical equations for the peculiar gravitational potential, which are (in
units where c = 1 = 8πG/c2) [10, 16]
Φ˙ = − 13 Θ , (17)
Da
(
D2Φ
)
= 12 Daµ− 3
K
a2
DaΦ−H DaΘ ; (18)
Here D2 is the covariant Laplace operator for a space of constant curvature K/a2, with K = 0, ±1,
and a is the background scale factor. Note in particular that (17) is not gauge-invariant, but we
can use it to rewrite the gauge-invariant equation (18) as
Da
[
D2Φ− 3HΦ˙ + 3
K
a2
Φ
]
= Da
[
1
2 µ
]
, (19)
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which can be immediately integrated to yield
D2Φ− 3HΦ˙ + 3
K
a2
Φ = 12 δµ , (20)
where we have used the gauge freedom in Φ, i.e., Φ→ Φ+ β(t), to remove the background part ρ
of the matter density µ on the right. This is the (1+3)-covariant relativistic generalization of the
Newtonian Poisson equation ~∇2Φ = 12 δµ. The spatial gradients in (19) ensure gauge-invariance,
since each term vanishes in the background (note that δµ is gauge-dependent). There are two
relativistic corrections: one to incorporate background spatial curvature K, and one to incorporate
time evolution of the peculiar gravitational potential. The latter is directly induced by the peculiar
velocity of the matter. [ An alternative relativistic Poisson equation is given in the metric-based
approach by Bardeen [2], Eq. (4.3). ]
In the linear regime of structure formation, the time scale of variations in Φ is of the order of
the Hubble time H−1, and on a length scale λ, we have D2Φ ∼ Φ/λ2. Thus, if λ ≪ H−1, i.e., on
scales well within the Hubble radius, we have
|HΦ˙| ∼ H2|Φ| ≪ |D2Φ| ∼
|Φ|
λ2
. (21)
On these scales, where background spatial curvature effects are also negligible, we recover the
spatial gradient of the Poisson equation.
3.1. PECULIAR VELOCITY AND PECULIAR ACCELERATION
Taking the spatial gradient of (17), and using the div-σab constraint equation (A.9), we get
A˙a + 2H Aa = − 12 ρ v
a , (22)
the evolution equation for Aa. This is coupled to the Euler momentum equation (A.3) yielding the
evolution equation for va as
v˙a +H va = −Aa . (23)
The source term in (23), given by the peculiar acceleration Aa = DaΦ, shows how peculiar velocity
tends to be generated by the spatial gradient of the peculiar gravitational potential, which is in
turn generated by matter over- and under-densities through a generalized Poisson-type equation
derived below.
It is reasonable to assume that the peculiar velocity is aligned with the peculiar acceleration
because it is generated by that acceleration [21], and indeed this assumption is part of the Zel’dovich
approximation in the weakly non-linear regime [24]. However, in general there will be an orthogonal
component, i.e.,
va = −FAa + wa , Aaw
a = 0 , (24)
with F a ‘growth factor’. Substituting into (23), and using (22), we get
w˙a + (H + 12ρF )w
a =
[
F˙ − (H − 12ρF )F − 1
]
Aa . (25)
In order to maintain Aaw
a = 0 relative to the quasi-Newtonian frame, we find that the ‘growth
factor’ F must evolve according to
F˙ = (H − 12ρF )F + 1+
( ρ
2A2
)
w2 , (26)
where w2 = waw
a and A2 = AaA
a. This equation shows, as expected for scalar perturbations,
that it is impossible to have a purely orthogonal peculiar velocity (F = 0). If we contract (25)
with wa, we find the evolution equation for w:
w˙ = − 2 (H + 12ρF )w . (27)
It follows that if wa = 0 at some initial time t0, then w
a remains zero for all t > t0: irrotational
gravitational instability does not generate peculiar velocities orthogonal to the peculiar acceleration
(i.e., to the gradient of the peculiar gravitational potential). If there is an initial orthogonal
component wa due to random motions, then expansion and matter aggregation serve to decrease
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it. Furthermore, the rate of change of direction of any initial orthogonal component is always along
the spatial gradient of Φ: writing wa = w ea, where eae
a = 1, we find from (25) and (27) that
w e˙a =
[
F˙ − (H − 12ρF )F − 1
]
Aa . (28)
We are thus justified in assuming that wa = 0. In this case,
va = −FAa , (29)
where F directly relates va and Aa. Then (26) shows that F is a solution of
F˙ = (H − 12ρF )F + 1 , (30)
while va follows from (23), using (29), as
va = Va exp
∫ (
1
F
−H
)
dt , V˙a = 0 . (31)
Here Va is the initial peculiar velocity field, and t is proper time along ua in the background.
Integration of the background equation (30) to find F will thus determine the change with time of
the peculiar velocity field va and of the spatial gradient DaΦ = −F
−1va. Then (A.11) gives the
corresponding Daµ.
It is important when solving the Einstein field equations to check that all the field equations
and their associated consistency conditions are satisfied. This has been verified for the above
approach in the linearised case in [10].
3.2. DENSITY, VELOCITY AND POTENTIAL PERTURBATIONS
The matter density perturbations are (1+3)-covariantly described by [8, 5]
∆ = aDa∆
a , ∆a =
a
ρ
Daµ , (32)
and are given in the present case by [16]
∆ = ∆˜ + 3a2HDav
a , (33)
where ∆˜ are the matter density perturbations in the comoving frame. The latter satisfy the
evolution equation
(∆˜)·· + 2H(∆˜)· − 12ρ∆˜ = 0 , (34)
which can be solved in a given background. Then the matter density perturbations follow, using
(31), as
∆ = ∆˜ + 3aH(DaV
a) exp
[∫
dt
F
]
. (35)
The usual theory of structure formation in the expanding Universe context follows (see [8, 9], and
references therein).
By analogy with the Newtonian relation [21, 15, 20]
~v =
2Hf
ρ
~g , (36)
we define the position-independent dimensionless growth rate f = ρF/2H so that
va = −
2Hf
ρ
Aa . (37)
Note that, by (15), we can then write
Da
[
Φ +
1
f
Θ
3H
]
= 0 . (38)
We can rewrite (30) to become part of the dynamical system
f ′ = −
(
1− 12 Ω+ ΩΛ + f
)
f + 32 Ω , (39)
Ω′ = − (1− Ω+ 2ΩΛ)Ω , (40)
Ω′Λ = 2
(
1 + 12 Ω− ΩΛ
)
ΩΛ . (41)
General relativistic analysis of peculiar velocities 6
This evolves f together with the background variables Ω and ΩΛ, the latter representing the
dynamical effects of the cosmological constant. A prime here denotes a derivative with respect to
the logarithmic dimensionless time variable N = ln(a/a0) = − ln(1 + z), where z is the redshift.
Note that by the Friedmann equation (A.15), ΩK = 1− Ω− ΩΛ. Equation (31) now becomes
va = Va exp
∫
(2f − 3Ω)
2(1 + z)f
dz , (42)
while (35) becomes
∆ = ∆˜ + 3aH(DaV
a) exp
[
−
∫
3Ω
2(1 + z)f
dz
]
. (43)
We can use numerical solutions for the growth rate f obtained from (39) – (41) in order to
evaluate the integrals in the last set of equations, which are the (1+3)-covariant relativistic
generalizations of well-known relations derived using Newtonian theory. Within the latter context
a good approximation to f at z = 0, with a cosmological constant, is given by Lahav et al [15] as
f0 ≈ Ω
0.6
0 +
1
70
(
1 +
Ω0
2
)
ΩΛ0 . (44)
(See Hamilton [14] for refinements of this approximation.)
The time-derivative term in the generalized Poisson equation (19) can be rewritten, using the
spatial gradient of (17) and (A.9), to give
Da
[
D2Φ− 3H2 (f − 1 + Ω+ ΩΛ)Φ
]
= Da
[
1
2 µ
]
. (45)
As before, this equation again integrates to give a Poisson-type equation
D2Φ− 3H2 (f − ΩK)Φ =
1
2 δµ , (46)
on using the gauge freedom in Φ [Φ → Φ + β(t) ] to remove the background part ρ of µ on the
right. The contrast with the Newtonian equation is obvious.
3.3. SOLUTIONS
The solution of (46) may be found using the Green’s function in a constant curvature space for
the inhomogeneous Helmholtz equation. In the case of a spatially flat background, i.e., when
ΩK = 0 = 1− Ω− ΩΛ, this Green’s function is given in [1] and leads to
Φ(t, ~r ) = −
1
8π
∫
δµ(t, ~r ′)
|~r − ~r ′|
exp
[
−H(t)
√
3f(t) |~r − ~r ′|
]
d3~r ′ . (47)
With (37) and (15) this determines the peculiar velocity field va. The exponential term represents
the relativistic correction to the Newtonian formula. Note that the effect of the cosmological
constant occurs implicitly via the time-dependence of H and f . The way the Newtonian formulae
work out in practice is shown in the graphs given by Lahav et al [15].
On scales λ = |~r − ~r ′| well within the Hubble radius, i.e., λ≪ H−1, (47) shows that
Φ ≈ ΦNewt
(
1−
√
3fHλ
)
. (48)
For the Einstein–de Sitter case, i.e., when ΩK = 0 = ΩΛ, (39) has one particular constant
solution given by f = 1 which corresponds to a growing mode:
va = Vaa1/2 , ∆ = ∆˜ + 3a5/2H (DaV
a) = Ca , (49)
where C˙ = 0 and we used ∆˜ ∝ a.
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4. CONCLUSIONS
In this paper we discussed a transparent geometrical framework, based on (1+3)-covariant general
relativistic methods, to describe peculiar velocities arising from inhomogeneity over cosmologically
significant distance scales, that also takes into account a cosmological constant. Peculiar velocities
are defined relative to a preferred frame. In our case, this is defined by the geometrical conditions
ωa = σab = 0 imposed on a non-comoving 4-velocity field u
a. These relations are always
true when Bardeen’s quasi-Newtonian gauge is used to describe the gravitational dynamics of
scalar perturbations. In the (1+3)-covariant approach the perturbation equations follow from a
consistency analysis of the constraint equations. A relativistic analysis provides a theoretical basis
for determining the peculiar velocity field on cosmologically significant distance scales. Conceivable
applications of the present framework lie in analyses such as the POTENT project (see [4]) to
determine large-scale streaming motions of galaxies within clusters and superclusters.
A relativistic analysis can also be applied to determine the effect of peculiar velocities of
matter structures on the temperature anisotropy in the cosmic microwave background radiation,
requiring a harmonic analysis of the above variables and equations. This was not carried out in
the present work, but has been treated in a (1+3)-covariant approach by Gebbie et al [11, 12, 13].
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Appendix A. Basic equations
The (1+3)-covariant spatial curls are
(curlV )a = εabcDbVc , (curlS)ab = εcd(aD
cSb)
d ,
where Da is the spatially projected covariant derivative and εabc is the spatially projected
alternating tensor. The kinematic quantities are Θ = Dau
a (rate of expansion), Aa = u˙a (4-
acceleration), ωa = − 12 (curlu)
a (vorticity), and σab = D〈aub〉 (rate of shear). The dot denotes
the directional covariant derivative ua∇a and the angle brackets denote the projected symmetric
tracefree part: S〈ab〉 ≡ [h(a
chb)
d − 13h
cdhab]Scd. The gravito-electric/-magnetic Weyl curvature
fields are
Eab = Cacbdu
cud = E〈ab〉 , Hab =
1
2εacdC
cd
beu
e = H〈ab〉 ,
where Cabcd is the Weyl curvature tensor. The linearized (1+3)-covariant evolution equations for
dust (p = πab = 0) are (in any frame, using units c = 1 = 8πG/c
2, and including scalar, vector
and tensor modes) [10, 16]
µ˙+ Daq
a = −Θµ , (A.1)
Θ˙−DaA
a = − 13 Θ
2 − 12 µ+ Λ , (A.2)
q˙a = − 4H qa − ρAa , (A.3)
ω˙a + 12 (curlA)
a = − 2H ωa , (A.4)
σ˙ab −D〈aAb〉 = − 2H σab − Eab , (A.5)
E˙ab − (curlH)ab +
1
2D〈aqb〉 = − 3H Eab −
1
2 ρ σab , (A.6)
H˙ab + (curlE)ab = − 3HHab , (A.7)
and the linearized (1+3)-covariant constraint equations are
0 = Daω
a , (A.8)
0 = Dbσ
ab − (curlω)a − 23 D
aΘ+ qa , (A.9)
0 = (curlσ)ab +D〈aωb〉 −Hab , (A.10)
0 = DbE
ab − 13 D
aµ+H qa , (A.11)
0 = DbH
ab + 12 (curl q)
a − ρωa , (A.12)
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where H = a˙/a is the background Hubble expansion rate, related to the background value ρ of µ
by
H2 = 13 (ρ+ Λ)−
K
a2
, (A.13)
H˙ = − 12 ρ+
K
a2
. (A.14)
The Friedmann equation (A.13) may be rewritten in terms of the dimensionless density parameters
as
1 = Ω + ΩΛ +ΩK . (A.15)
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